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, Abstract. In this paper several inequalities of the right-hand side of Hermite- 

K ' Hadamard inequality are obtained for the class of functions whose derivatives 

3 ' in absolutely value at certain powers are (a, m)-convex.Sonie applications to 

special means of positive real numbers are also given. 

(N 
(N 

< 

u 

• I Let /:/cK-^Rbea convex function defined on the interval / of real numbers 

i-R i and a.b G / with a < b, then 



1. Introduction 



(1-1) fr-^)<^hi^)<'^<m^- 



\^ • This doubly inequality is known in the literature as Hermite-Hadamard integral 

J^ I inequality for convex functions. 

ly-v i In [4] Mihe§an introduced the class of {a, m)-convex functions as the following: 

■<^ I The function / : [0, 6] ^> M, & > 0, is said to be (a, m)- convex where {a,m) S 

[0, 1] , if we have 

g I / (te + m(l - t)y) < ef{x) + m(l - i")/(y) 

^ ■ for all x,y e [0, b] and t £ [0, 1]. 

It can be easily that for {a,m) 6 {(0, 0), (a,0), (1,0), (l,m), (1, 1), (a, l)}one 

obtains the following classes of functions: increasing, a-starshaped, starshaped, 

. , , m-convex, convex, a-convex. 

rS ■ Denote by K^{b) the set of all (a, ?7i)-convex functions on [0, b] for which /(O) < 

jrt ! 0. For recent results and generalizations concerning ?7i-convex and (a, m)-convex 

functions (see [H El E E El H [9l [lO] ) . 

In [3] Dragomir and Agarwal established the following result connected with the 
right-hand side of ()1.H) . 

Theorem 1. Let /:/cM— S-Kfeea differentiable mapping on 1° , where a,b £ I 
with a < b.If l/'l is convex on [a, 6], then the following inequality holds: 

f{a)+f{b) 1 



(1.2) 



f{x)da 



<^[|/'(«)I + I/'WI] 
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In [To], the following inequality of Hermite-Hadamard type for (a,m)-convex 
functions holds: 

Theorem 2. Let f : [0,oo) ^)-W be an {a, m)-convex function with (a, m) ^ [0,1] . 
IfO<a<b<oo and f G L[a, 6], then one has the inequality: 



(1.3) 



1 



b — a 



f{x)dx < min 



7(a) + am/ (A) f(^b)+amf{fj 



a + 1 



a + 1 



In [T] the following Hermite-Hadamard type inequalities for m— and (a, m)- 
convex functions were obtained. 

Theorem 3. Let L be an open real interval such that [0, cx)) C /. Let f : /— )• M be 
a dijferentiable mapping on I such that /' G L[a, 6], where < a < b < oo. // |/'|'' 
is m-convex on [a, b], for some fixed m G (0, 1] and q S (1, oo) , then 



(1.4) 



where 



fi^) + fib) 



1 



6- 



f{x)dx 



< 



< 



b — a f q — 1 



9-1 



b — a 



2q- 1 



Ml + 1^2 



Ml + M2 



Ml 



/i2 = mm ■ 



ir(a)r+m|r(f±j^)l^ |r(^)r+m|r(^)l'^ ' 

2 ' 2 

imr+-i/'(f^)r i/'(^)r+-i/'(;^)r~ 



Theorem 4. Lei / be an open real interval such that [0, cxd) C /. Let f : L- 

a differentiate mapping on I such that f £ L[a, &], where < a < b < oo. // |/' 

is (a, m)-convex on [a, 6], /or some fixed a, m G (0, 1] and q (z [I, oo) , i/ien 



6e 



(1.5) 



/(«) + /(&) 1 



f[x)dx 



2 6-a 

X min < vi |/'(a)| + 7711^2 
w/iere 



< 



b-a fl 



i-i 



/'(-) 
m 



1 



, (^i|/'(6)r + mz.2 /'(-)7 



vi = 



(a + 1) (a + 2) 



id 



1 



1^2 = 



(a + 1) (a + 2) 



a^+a + 2 /I 



The main aim of this paper is to establish new inequalities of Hermite-Hadamard 
type for the class of functions whose derivatives in absolutely value at certain powers 
are (a, m)-convex. 
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2. Inequalities for functions whose derivatives are (Q!,m)-coNVEx 

In order to prove our main resuls we need the following lemma: 

Lemma 1. Let /:/cK— >M be a differ entiahle mapping on 1° , a,b £ I with 
a < b. If f E L[a, b] and X, fJ. 'E [0, cxo) , X + fi>0, then the following equality holds: 



Xf{a) + ^lf{b) 

x + ^ 



1 



b — a 



f{x)dx = 



b — a 
X + ^ 



[(A + fi)t - X] f'{tb + (1 - t)a)dt 



Proof, integration by parts we have 
1 

[(A + ^l)t - A] f'{tb + (1 - t)a)dt 



[(A + M)t - A] '^(^^t^^-^^"^ IJ -^ / fitb + (1 - t)a)dt 



b — a 



b — a 



A/(a)+^/(fe) A + ^ 



b — a 



b — a 



f{tb+{l-t)a)dt 



Setting X = tb + (I — t)a, and dx = (6 — a) dt gives 



_ Xfja) + M/(b) A + M 



b — a 



ib-aY 



f{x)dx. 



Therefore, 



6-a\ A/(a)+M/(&) 



.A + M. 
which completes the proof. 



A + yU 



b — a 



f{x)dx 



a 



The next theorem gives a new refinement of the upper Hermite-Hadamard in- 
equality for (a, TO)-convex functions. 

Theorem 5. Let / : / C [0, cxd) — > M 6e a differentiable mapping on 1° such that 
f G L[a, 6], where a,b E 1° with a < b. If |/'|'' is {a, m)-convex on [a, b], for some 
fixed {a,m) G (0, 1] , A,/i G [0, oo) with A + /i > 0, and q > I, then the following 
inequality holds: 



(2.1) 


Xfia) + ^ifib) 

X + fj, b 


b 

-J- 

a 


f{x)dx 


^ b-a / X^ + li^\ ' 

- A + M v2(a + m); 




xminJ(7i|/'(6)|' + m72 


fO 


y, (73i./'(«)r+"^74 


/'(^) 


where 


7i 


1 


XT + (a + 1) M - A 

[X + n) 


X^+fi' 


(a + l)(a + 2) 


' '^ 2(A + ^) 



7i, 
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73 



(a + l)(a + 2) 






(A + A*) 






Proof. Suppose that q = I. From Lemnia[T]and using the (a, tti)- convexity |/'|, we 
have 



Xf{a) + ^^f(b) 1 



< 



< 



b — a 
A + /i 



b — a 
A + /i 



A + ^ 



A + /i 6 — a 

1 



f{x)dx 



\{\ + ^l)t-\\\f'{tb+{\-t)a)\dt 



|(A + A.)t - A| r I/' (6)1 + m(l - n] /'(-) )di 



|(A + ^^)t - A| i" |/'(6)| + ™(1 - i") |(A + ^l)t - A| /'(-) 



dt 



We have 
1 

f \{x + n)t~x\edt 








[A - (A + Ai)t] rdi + / [{X + fi)t-X]edt 



1 



(a + l)(a + 2) 



r) \ Q + 2 

-^^ + {a + l)fi- X 



(A + m) 



= 7i 



and 



|(A + /i)^ - A|(l - r) di = T^^ri^ - 7i = 72, 



2(A + /i) 



hence 



A/(a)+/i/(6) 1 



A + /i 6 — a 



f{x)dx 



< 



b — a 

A + /i 



m / 



Since 
1 1 

(A + fi)t - X\ \f[tb + (1 - t)a)\ dt= f\{X + fi)t- /i| \f{ta + (1 - t)6)| d< 



Analogously we obtain 

b 



Xf{a) + ^if(b) 1 



A + /i 6 — a 



f{x)dx 



<;^(73l/'(a)|+m74 
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where 

73 



(a + l)(a + 2) 



2A' 



a+2 



(a + m) 



a+ 



Y + (a + 1) A - ^ 



and 74 



2 (A + /i) 



73 



which copmletes the proof for this case. 

Suppose now that q G (l,oo). From Lemma [1] and using the Holder's integral 
inequality, we have 



1 
(2.2) I |(A + /x)i - A| \f'{th + (1 - t)a)\dt 



< 



b — a 
A + ^ 



\iX + ^j,)t-X\dt 



|(A + ^)f-A||/'(t6+(l-f)a)|'di 



Since |/'|* is (a, TO)-convex on [a, 6], we know that for every t G [0, 1] 



(2.3) 



a , 1 



f'itb + m(l - t)-) < r |/'(6)r + m(l - r) /'(-) 



From the inequalities (??), (|2.2p and (|2.3p . we have 



A/(a) + Ai/(6) 



1 



A + /i 6 — a 

and analogously 



f{x)dx 



< 



b-a f X + fi"^ 



Xf{a) + ^if{h) 



1 



A + ^ b ~ a 

a 

which completes the proof. 



f{x)d2 



< 



X + ^ \2{X + fi) 



b — a f X + IJ? 



9\ g 



(7i|/'(6)r + m72 /'(-) ) 

V 771 / 



A + A* V2(A + At) 



73 !/'(«)!' + "^74 



777 



D 



Corollary 1. Suppose that all the assumptions of Theoren^are satisfied, 

(1) In the inequality \2.1]] If we choose X — fi , we obtain the inequality in 

[rm. 



(2) In the inequality 112. 1\) If we choose A = /i, 777 = 1, q = 1 and a = 1 we 
obtain the inequality in il.2^) . 

(3) In the inequality V2.1\) If we choose m ^ a ^ 1 we have 



(2.4) 



A/(a)+/i/(&) 



< 



A + /I 



b-a / A + ^^ 



b — a 



f{x)dx 



A + M V2(A + /i), 

xmin{(7i|/'(6)r+72l/'(«)r)', (73 l/'WI' + 74 l/'WH ' } 



where 



7i 



2A^ 

(A+A*r 



2/1- A 



= 72 



A^ + M^ 

2(A + Ai) 



7i, 
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and 



73 



2/i3 



(A + m)^ 



2A-^ 



^74 = 



2{X + fi) 



73- 



Theorem 6. Let / : / C [0, cxd) — > M fee a differentiable mapping on 1° such that 
/' e i[a, 6], where a,b E 1° with a < b. If |/'|'' is {a,m)-convex on [a,b], for some 
fixed (a, m) e (0, 1] , A, /i G [0, cxd) wii/i A + /i > 0, and q > 1, then the following 
inequality holds: 



(2.5) 



A/(a) + M/(6) 1 



A + Ai 

1 

p+1 



b — a 



f{x)dx 



< 



b — a 

(A+^r 



A^Mj' + ^2m2" 



where 



Ml = min 



M2 = min 



i/»r+am|r(4±i^)P |r(^) 



+ am\f' (-2- 



/ / a \|9 



a+ 1 



|/'(6)|^+am 



ri I Xb+f^a \ 
■I lm(A+^)i 





a + 1 


/'(^) 


' + "-/'(^)' 



a+ 1 



a + 1 



and - + - = 1. 
p q 



Proof. From Lemma [T] and using the Holder inequality, we have 



A/(a)+M/(6) 1 



X + fj. 



5- 



f{x)dx 



< 



b — a 
A + M 



b — a 



p / >■ 

/ A + ,1 



[X - {X + fi)tf dt 



\f'{tb+{l-t)a)\'' dt 







V 



\a+h 



< 



A^^ 



A + ^ 

b — a 
X + fi 

b — a 

X + fj. \p+l 



[(A + ^l)t - Xf dt 



J 



\ 



If'itb+il-tja)]" dt 



{p + l){X + fi)J \X + ^ 



A 



\a+m 



-Ml 



/ 



,p+i 



(p+l)(A + ^)/ VA + M 



-M5 



1 \ p 



X^ 1 //2 1 



A + Ai ^ A 
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where we use the fact that 






[A - (A + n)tf dt = 



^P+i 



ip+l){X + (!)■' 



[(A + /i)i-Af = 



,p+i 



(p+l)(A + /i) 



and by Theoreiij2] we get 



A + /i 



\fitb + {l~t)a)\'' dt 



A+M 



< inin ■ 



' (b-a) 



f'ixW dx 



|/'(a)|' + am |/' (;A^) [ |/'(^)f + am \f (^) 



a + 1 



a + 1 



X + fJ. 



\f'{tb + {l-t)a)\'^ dt 



xh^b-a) 



/'(x)r dx 



< min 



\fit)\'^ + am\f (i!^)\ |/'(^)| +am\f{^) 



a + 1 



a + 1 



which completes the proof. 



D 



Corollary 2. Suppose that all the assum,ptions of Theoren\^ are satisfied, in this 



case: 



(1) In the inequality (|2.5p if we choose X — fi and q = 1 we obtain the inequality 
in ([HI). 

(2) In the inequality (I2.5P if we choose to = a = 1 we have 



(2.6) 



Xfia)+^ifib) 1 



X + fi 
where 

Ml = 



6- 



l/'WI'^ 



f{x)dx 



ri I \b+fj,a 
■I \ A+M 



< 



b — a ( 1 \ p 



(A + /i)' Vp+1 



A2i\/i' + ii^M^ 



ilhWI 



-, M2 = 



l/'(6)l 



/' 
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Theorem 7. Let / : / C [0, oo) -^M. be a differentiable mapping on 1° such that 
/' G L[a,b], where a,b E 1° with a < b. If |/'|'' is {a, m)- convex on [a,b], for some 
fixed [a^m) G (0, 1] , X, fJ. E [0, cxd) with A + /i > 0, and q > I, then the following 
inequality holds: 



(2.7) 



A/(a)+/i/(6) 1 



A + /i 



b — a 



< 



b ^ a 



AP+i + fiP+ 



1 \ p 



\ + fi\{p + i){x + fj,)j V" + i 



f{x)dx 



1 



min Kl ,K^\, 



where 



K, = |/'(&)r + ™a /'(-) 

m 



Ko 



f'{a)\ + ma 



m 



1 I 1 



= 1. 



p q 
Proof. From Lemma [T] and using the Holder's integral inequality, we have 

b 

f{x)dx 



Xf{a)+^ifib) 1 



b — a 



A + M 
< I \{X + ^i)t-X\\f'{tb+{l-t)a)\dt 



< 



b — a 
X + ^i 



\iX + ^i)t-Xfdt\ \fitb+{l-t)a)\Ut 



< 



b-a f AP+i + uP+i 



A + /i V(p+1)(A + m) 



b-a f AP+i + ^P+i ^ " 



i"|/'(fe)|^ + m(l-i") /'(-) 

m 



dt 



1 



A + /i V(p+i)(A + /x)y V" + 

Analogously we obtain 

b 

f{x)dx 



iji^'^^-H^'ei)'- 



Xf{a) + ^if{b) 1 



< 



A + /i b ~ a 

h-a f A^+i + /i^+i 



X + iJL \{p + 1){X + ijl) J \a + l 



1 



|/'(a)r + ma 



m 
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Corollary 3. Suppose that all the assumptions of Theorerr^ are satisfied, in this 
case: 
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(1) In the inequality (|2.7p if we choose X = fi, then the following inequality 
holds: 

f{a) + f{b) 1 



b — a 



J{x)dx 



< 



5-1 



1 



, min <^ X/ , K^ 
2 \p+lj \a + l > ^ 1 ' 2 

(2) In the inequality (I2.7P if we choose ttt, = a = 1, we have 



1 



(2.8) 



A/(a)+M/(6) 1 



< 



A + /I b — a 

b-a f\P+^+fiP+^\^ 



f{x)dx 



1 



(i/'(«)r+i/'wr 



A + /iV A + /i / Vp+1/ V2 

3. Some applications for special means 

Let us recall the following special means of two nonnegative number a, b with 
b> a and a S [0, 1] : 

(1) The weighted arithmetic mean 

Aa (a, 6) := aa + {1 ~ a)b, a, 6 > 0. 

(2) The unweighted arithmetic mean 

A{a,b) := — r— , a, 6 > 0. 



(3) The weighted harmonic mean 

a 1 — a 

+ — ^ 
a 

(4) The unweighted harmonic mean 



Ha (a, b) := 



, a, 6 > 0. 



iJ(a,6) 
(5) The Logarithmic mean 



2ab 
a + b 



, a,b> 0. 



L{a,b) := 
(6) The p-Logarithmic mean 



b- 



Ina '' ' 



lnf,-lna "•'"''" ^ a, 6 > 0. 

ij a = b 



{/" bP + l-gP + l ^ P .„ ,, 

l^(p+i)(b-a)J ^/a^^'' , a,6>0, peZ\{-l,0}. 
b if a — b 

Proposition 1. Let a. 6 G M with < a < b and n G Z, \n\ > 2. Then, we have 
the following inequality: 

9-1 



A.{a-,bn-Ll{a,b) 



< 



b-a / A + ^-^ 



X + fi V2(A + ^) 
xHmin|(7i6^('-i)+7y'""^')\ ( 



5(71-1) 

73a + 746 



9(71-1) N i 



10 
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where 



7i 



1 
73=6 



2X^ 



2^3 



2 , 2^-A 
2 +2A-^ 



.(A + m) 
X, fJ- (z [0, oo) iwit/i A + /i > and (? > 1 



72 = 



^74 = 



X' + fi' 
2{X + n) 

X' + M^ 

2 (A + ^) 



7i, 



73> 



Proof. The assertion follows from inequality (|2.4p in Corollary[l] for / : (0, oo) -^ R, f{x) 

Proposition 2. Lei a,b ^ M. with < a < b and n G Z, |n| > 2. Then, we have 
the following inequality: 






< 



b — a 



1 



where 



(a + m) Vp + 1 



A^Afi' + ^2m2'' 



A, /i G [0, cx)) wzt/i A + /i > 0, and q > I with - + - = 1. 

Proof. The assertion follows from inequality (|2.6p in Corollary[21 for / : (0, oo) — J> M, /(x) 
x" D 

Proposition 3. Let a, 6 G M with < a < b and n G Z, \n\ > 2. Then, we have 
the following inequality: 

A^^{a",b'')-m{a,b) 



< 



b-a /A^+^+M^+iy f 1 



A + ^ \ A + ^ 



-j''|n|v4i(a("-i)^fo("-i)^) 



X, fj, G [0, oo) iwii/i A + /i > 0, and (/ > 1 with - + - = 1. 

Proof. The assertion follows from inequality (|2.8p in Corollary[21 for / : (0, oo) -^ R, /(a:) 

X 

Proposition 4. Lei a, 6 G M i(;zi/i < a < 5 . T/ien i(;e have the following inequality: 
H~_^{a,b)-L-^{a,b) 



< 



b-a / A + /i^ 



2 \ ^- 



A + M \2(A + Ai) 



X ^^1^^71^+72^ 



1 \ " 



1 \ ' 



73^+74^ 



where 



7i 



2A^ 

(A + m)' 



2fi-X 



72 



A^ + M^ 
2 (A + /i) 



7i, 
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11 



1 
73=g 



2n^ 



.(A + m) 
A, /x e [0, cx)) with A + /i > and q > 1 



2A-^ 



.74 



A^ + M^ 
2 (A + /^) 



73> 



Proof. The assertion follows from inequality p.4p in Corollaryll] for / : (0, cxo) -^ R, f{x) 

Proposition 5. Let a,b gW with < a < b. Then we have the following inequality: 

b-a ( 1 



H- 



{a,b)~L-'{a,b) 



< 



{x + fiy Vp + 1 



x^Aq + n'^Aq 



where 



\ A + ,1 J \ A + n / 

A, /i G [0, oo) wzt/i A + /i > 0, and q> \ with - -\- - = 1. 
Proof. The assertion follows from inequality p.6p in CoroUaryO for / : (0, oo) -^ M, f{x) 



Proposition 6. Let a,b E 

inequality: 



a 



with < a < b . Then we have the following 



< 



H-_^{a,b)-L'\a,b) 

A + /i A+TT \P + 



i H7{a^\b^^) 



A, ^ G [0, oo) with A + /i > 0, and q > \ with - + 



1. 



Proof. The assertion follows from inequality (|2.8p in Corollary[3l for / : (0, oo) -^ R, /(a;) 
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